BST 675 — Fall 2010 — Dr. Charnigo

Solutions to Written Assignment 4

la. Given that A; occurs (j € {1,2,...,k}), X is normally distributed with mean p; and standard devi-
ation o;. As such, for any = we have P(X = z|A;) = 0. Therefore, the proposed formula reduces to 0/0,
which we do not know how to interpret.

1b. For any positive real number 6, we have P(z < X < z + J|A;) = Fj(xz + 0) — Fj(z), where F)
is defined to be the cumulative distribution function for a normal random variable with mean p; and
standard deviation o;. Since lims\ o[Fj(z+ ) — F;(2)]/6 = f;(x), where f; is defined to be the probability
density function for a normal random variable with mean p; and standard deviation o, we conclude that
limsn o P(z < X <x+6|A;)/6 = f;j(z). As such,

oy D@ < X < a4 0|A)P(A)

50 Z Pz < X <x+6|A;)P(A))

_ oy Ple< X <o t0lA)PA)/5

N0 YE | Pla < X < w4 0]4;)P(4;)/6
limsn o P(z < X <x+6|A1)P(A1)/d

lims 0 Y, Pz < X <z +0]A;)P(4;)/0
P(A))lims o P(z < X <z +6|A1)/0

S P(Aj) limg o P(z < X < 2+ 0|4;)/0
P(A1) f(x)

i P(A) (@)
p1(2m) 2oy expl—(z — m1)*/(207)]

Soh_ pi(2m) 207 expl—(x — )2/ (202)]
plUl_leXp[ (2 —m)?/(208)]

E —1Dj0; exp[ (z — Mj)2/(20_72)]

lim P(Ajle < X <zxz+46) =
5N\0

2a. With F(x,y) = yexp[—(z + y)?] we have

QF(Q;, y) = —2y(x + y) exp[—(z + y)2]

ox

and 5

8—yF(33, y) = (1 —2y(z +y)) exp[—(z + y)*].
2b. We have )

5@ y) = 2(—y+ 2y(@ +9)*) exp[—(= +)°],
0° 2 2
F(z,y) =2(-2y —z + 2y(z + y)°) exp[—(z + y)°],
0xdy

and

2

a—ygF(x, y) = 2(=3y — 2z + 2y(z + y)*) exp[—(z + y)*].



3. We will get stuck if we try to integrate cos(y?) in dy, so let us set up the double integral for integration
in dx first followed by integration in dy. We have

[ [rapara - [ 1 [ | eostr? dx} dy
/01 [cos(yQ)/Oyl dm] dy

1
/ cos(y?) =} dy
0

1
/ cos(y?) y dy
0

(1/2) / cos(y?) 2y dy

= (1/2)sin(y)o
= (1/2)sin(1).
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4b. If z1z9 = 0, then

4a. We have

2|ziaa] =0 < a:% + a:%

If xqy20 > O, then
2z 20| = 22120 < (21 — 22)? + 2210 = x% — 2179 + a:% 4+ 2xq29 = a:% + a:%

If 129 < 0, then

2|rixe] = —2x129 < (21 + x2)2 —2r 79 = a:% + 22120 + a:% —2r119 = a:% + a:%
4c. We have
1 —0.5 X xr1 — 0.53?2 2 2
Lo 2] { 05 1 ] [ - } =lo w] [ ~0.521 + 7 ] T

If 2122 = 0 (but x # 0), then
x%—xlxg—i—xg :x%+x§ > 0.

If 129 # 0, then
T17y < |T1@o| < 2|mywo| < 22 + 23, sothat 0 < xf + a3 — 10

In either case, we have x% —T1T9 + a:% > 0, whence A is positive definite.



