CPH 931 — Fall 2008 — Dr. Charnigo

Lecture 1

Going beyond linear regression via ordinary least squares

Recalling the linear regression model. Suppose that the mean of a continuous

response variable Y depends on the numerical values taken on by several

explanatory variables Xy, ..., X;. Let m(xq,...,x;) denote the mean of YV

when the variables X7, ..., X; have taken on the numerical values =1, .. ., zj.
A linear regression model asserts that

m(wy,...,x) = a+ fiog + - + Gy, (1)

and
Yi=m(x,...,xp) + 6 =a+ bz, + -+ Opxri + €, (2)

where the ¢; are error terms representing the differences between actual and
expected responses.

Assumptions of the linear regression model. In addition to assuming that
equation (1) is correct (i.e., no important explanatory variables have been
omitted, and the mean of Y really is linear in xy, ..., z}), we usually assume
that the ¢; are independent and identically distributed normal random vari-

ables with mean 0 and (unknown but) constant variance .

Ordinary least squares. Under these assumptions, the method of ordinary
least squares is employed to estimate the regression coefficients «, 51, . . ., G.

A

That is, for a given data set the numbers @, Bl, ..., B are taken as estimates



of a, B1, ..., Br because the sum of squares

n

S (yi —ro—rany — - — )’ (3)
i=1

is minimized when ro = &, 71 = B41,...,7: = 0.

Implications of violating the assumptions. If the usual assumptions are not
satisfied or if there are other problems (e.g., multicollinearity or missing
data), then the inferences obtained through ordinary least squares estima-
tion (e.g., decisions to accept or reject null hypotheses based on t-tests and
f-tests) may not be credible. In Lectures 1 through 5 we will discuss al-
ternative estimation approaches — and even generalizations of the linear
regression model — that can accommodate departures from the usual as-
sumptions and other problems.

Heteroscedasticity and weighted least squares

Heteroscedasticity. Suppose that the usual assumptions are satisfied except
that the ¢; do not have constant variance. That is,

Varle;)] = 02(33171-, e X)), (4)

where az(xu, cey x;“) is not constant as a function of Ty e Thj Then
we say that the ¢; are heteroscedastic or that heteroscedasticity is present.

Remark on heteroscedasticity. Equation (4) is somewhat analogous to equa-
tion (1). Equation (1) describes the expected response in terms of values

taken on by the explanatory variables, while equation (4) implies that the
departure from the expected response also depends on these values.




Weighted least squares. If Var[e;] is large, then Y; may be far away from its
expected value m(xy;,...,25;) = a+i1x1,;+- -+ Brxr;. In this case Y; will
not provide good information about the regression coefficients «, (1, . . ., Gy.
On the other hand, if Varle;]| is small, then Y; will be close to its expected
value and will provide good information about the regression coefficients.
Thus, rather than minimize

(y; — 10 — Ty — -+ — TETR)> (5)

-

1
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to obtain estimates, we should minimize

n

Swi (yi — 10 — 1T — 0 — TET) (6)
i=1

Above, the weights w; are positive numbers that are “large” for y; providing

good information and “small” for y; not providing good information. This
estimation approach is called weighted least squares.

The mazximum likelthood weights. The terms “large” and “small” are, of
course, rather vague. Fortunately, the statistical principle of maximum like-
lihood provides a more concrete answer. The w; should be chosen inversely
proportional to Varle;]. That is, we should set

w; = C/Varle] (7)

for some positive constant C' that does not depend on 7. The specific value
of C' does not matter since it can be factored out of expression (6).



Remark on the maximum likelihood weights. 1f the ¢; did have constant vari-

2 we would attain w; = 1 in expression (7),

ance o2, then by taking C = o
thereby reducing expression (6) to expression (5). In other words, ordinary
least squares is consistent with the statistical principle of maximum likeli-

hood when the usual assumptions are met.

FExample: prostate data set. Refer to “prostresults.rtf”. Page 1 shows the
results of fitting a linear regression model by ordinary least squares. The
response variable is the level of prostate specific antigen (after square root
transformation). The explanatory variables are cancer volume (after log-
arithmic transformation) and prostate weight (after logarithmic transfor-
mation). Page 2 shows a plot of the ordinary residuals against the pre-
dicted /fitted values of prostate specific antigen, while page 3 shows a plot
of the internally studentized residuals against the predicted /fitted values of
prostate specific antigen.

In CPH 930 you learned (Cf. Lecture 3, Fall 2006) that a fan-shaped
pattern in a plot of residuals against predicted /fitted values is a hallmark
of nonconstant error variance. In this example the error variances seem to
increase (as evidenced by the greater spread of the residuals) with larger ex-
pected responses (for which predicted /fitted values are proxies). That is, val-
ues T4, ..., Tg; that make m(zy,,. .., xx;) large also make o%(xq;, . .., Tg;)
large.

Since we have already transformed the data, we will employ weighted
least squares to address the heteroscedasticity. However, there is an ob-
stacle: we don’t know what the error variances are, so we can’t evaluate
expression (7).



A first (unsuccessful) attempt at a practical solution. Although we don’t
know what the error variances are, we can try to estimate them from the
ordinary residuals obtained via ordinary least squares.

Suppose that equation (4) applies but that we have employed ordinary
least squares. Probability theory tells us that

E|€Z‘ = 2/7‘(’ X O'(SULZ',. . .,SU]{;;L'), (8)

where E denotes expected value. Since an ordinary residual e; is a proxy for
the corresponding error ¢;, one can argue that (up to a multiplicative factor
of \/2/7) the absolute value of the ordinary residual |e;| is a proxy for the
error standard deviation o(z1,,...,2;) = /Varle).

These considerations suggest choosing

w; = 1/lei]?, (9)

where for emphasis I repeat that e; is as determined by ordinary least
squares.

A second (successful) attempt at a practical solution. Equation (9) does not
provide a practical solution because an ordinary residual can equal 0, in
which case equation (9) mandates an infinite weight. Even if none of the
ordinary residuals equals 0 exactly, equation (9) can still provide unreason-
ably large weights for some observations.

The issue here is that |e;| is an imperfect proxy for E|e;|. Sometimes |¢;|
will not be close to |¢;|. Moreover, |¢;| may not be close to its own expected
value. This begs the question, is there a way to replace |e;| by a quantity
closer to F|¢;|?

Well, there is a statistical technique for replacing a datum by a quantity
closer to its expected value: that technique is linear regression! Thus, a

bt



practical solution entails fitting an auxiliary regression model in which the

absolute values of the ordinary residuals are regressed against the corre-
sponding predicted /fitted values from the original model in equations (1)
and (2). The form of the auxiliary regression model is

leil = o + 570 + &, (10)

where the g; represent the predicted/fitted values and the asterisks distin-
guish the auxiliary regression model in equation (10) from the original model
in equations (1) and (2).

Now let |e;| denote the predicted /fitted values for the auxiliary regression
model in equation (10). The [e;| are closer to the Ele;| than are the |e;], and

so the [e;] can replace the |e;| in equation (9). That is, we can take
—2
wi = 1/|e;] . (11)

To summarize, we end up fitting three linear regression models. First,
we fit the original model in equations (1) and (2) via ordinary least squares;
the purpose is to extract the |e;| and g; for equation (10). Second, we fit the
auxiliary regression model in equation (10) via ordinary least squares; the
purpose is to extract the \e/i\\ for equation (11). Third, we fit the original
model in equations (1) and (2) via weighted least squares using equation
(11); this is the model from which we actually make our inferences.

FExample, continued: prostate data set. Page 5 of “prostresults.rtf” shows
the results of regressing the absolute values of the ordinary residuals against
the predicted/fitted values from the model on page 4 of “prostresults.rtf”.
Note that the estimate of 5* is positive and significantly different from zero,
confirming what we already knew from the plots on pages 2 and 3: the errors
have greater variances as the expected responses become larger.
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The predicted /fitted values from the model on page 5 are used, via equa-
tion (11), to perform the weighted least squares analysis on page 6. The
standard errors for the regression coefficient estimates have been drastically
reduced: from 1.53915 to 0.84712 for «, from 0.17923 to 0.08762 for 31, and
from 0.42535 to 0.24549 for (3. The last reduction is partially responsible
for the qualitatively different conclusion about prostate weight: the p-value
is less than 0.0001 with weighted least squares, compared to 0.1203 with
ordinary least squares.

The most important point to take from this example is that the
estimation of regression coefficients will be needlessly imprecise  (possibly

leading to Type II errors) if one disregards heteroscedasticity and applies
ordinary least squares when weighted least squares is appropriate.

Multicollinearity and ridge regression

Multicollinearity. Recall from CPH 930 (Cf. Lecture 3, Fall 2006) that
explanatory variables X7, X, ..., X} exhibit multicollinearity if they move
together in such a way that

a1 X1+ coXo+ -+ cp X

is approximately constant for some numbers ¢y, cs, . . ., ¢, that are not all 0.
The problem with multicollinearity is that, when it is present, ordinary least
squares will yield highly imprecise estimates of some regression coefficients.



FExample: cholesterol data. Refer to “cholresults.rtf”. Page 1 shows the
results of fitting a linear regression model by ordinary least squares. The
response variable is total serum cholesterol. The explanatory variables are
total fat intake, saturated fat intake, vegetable fat intake, polyunsaturated
fat intake, and animal fat intake.

Just from the names of the explanatory variables we have good reason to
anticipate multicollinearity, and this is confirmed by the variance inflation
factors. A common rule of thumb is that variance inflation factors greater
than 10 may warrant attention, but here there are three variance inflation
factors in excess of 100, 000. Moreover, the corresponding standard errors
are in excess of 100.

To appreciate why these standard errors are unreasonable, let us con-
struct 95% confidence intervals for the regression coefficients of total fat
intake, vegetable fat intake, and animal fat intake:

—3.36 £ 2.014 x 108.5 = —222 to + 215,

2.86 £2.014 x 108.6 = —216 to + 222, and
4.32 4+ 2.014 x 108.4 = —214 to + 223.

Above, 2.014 is the 0.975 quantile of a T distribution on 45 degrees of
freedom.

Since the smallest and largest values of total serum cholesterol are 155 and
325, increasing total fat intake by one unit (while holding fixed vegetable fat
intake and animal fat intake) cannot possibly change expected total serum
cholesterol by more than 170 points. Yet, the confidence interval of —222 to
+215 obviously includes values greater than +170 and less than —170. Of
course, similar concerns apply to vegetable fat intake and animal fat intake.



A key insight. Although the regression coefficients are unknown (otherwise
why collect data and fit a linear regression model?), we often have some prior
knowledge/beliefs about them. In the example above we know that the re-
gression coefficients for total fat intake, vegetable fat intake, and animal fat
intake cannot possibly be larger than 170 in absolute value. Actually we can
do even better: on inspecting the data we realize that one-unit increases in
total fat intake, vegetable fat intake, and animal fat intake are quite small,
so realistically none of those regression coefficients should exceed 20 in ab-
solute value.

Since the problem with multicollinearity is that ordinary least squares
yields highly imprecise estimates, one strategy for addressing multicollinear-
ity is to employ an alternative estimation framework that exploits our prior
knowledge/beliefs about the regression coefficients. Using our prior knowl-
edge/beliefs about the regression coefficients should reduce the uncertainty
in their estimation (i.e., should yield more precise estimates). The alterna-
tive estimation framework that we will consider is called ridge regression.

Ridge regression. For the following description I assume that the response
and explanatory variables have been standardized. This is handled auto-
matically by SAS when you request ridge regression; you yourself do not
need to preprocess the data. Moreover, SAS presents results that apply to
the response and explanatory variables as they were originally scaled; you
yourself do not need to convert results for the standardized variables to re-
sults for the variables on their original scales.
Instead of minimizing

(y; — 10 — 111 — 0 — TRTE), (12)
=1



we minimize

n

Sy — 10— @1 — o — TRTr): AT TR ), (13)
i=1
where A is a nonnegative quantity called the “ridge parameter”.

If X exceeds 0, then the effect of the “penalty term” A(rd + 72 +--- +1r?)
is that extremely large (positive or negative) values for rg, 7y, ..., cannot
minimize expression (13). Thus, &, Bi,. .., B cannot be extremely large. In
effect, the penalty term reflects our prior knowledge/beliefs that «, 31, . . ., Gk
are not too large; the ridge parameter determines how strongly we assert
our prior knowledge/beliefs.

If A equals 0, then we see that ordinary least squares is actually a special
case of ridge regression.

Remarks on ridge regression. There is no free lunch; the price of impos-
ing prior knowledge/beliefs about «, f;,..., 0 in ridge regression is that
Q, Bl, e Ak will be biased toward 0. Thus, the average value of Bl over
repeated sampling will not equal 1 but will be some number that is smaller
in magnitude than ;. On the other hand, if X; is a primary cause of the
multicollinearity, then the variance of Bl over repeated sampling will be

much smaller with ridge regression than with ordinary least squares. Simi-
lar statements apply to the other regression coefficients.

Although many statistical methods reflect a desire to avoid bias (recall
from your first statistics course the reason for dividing by n — 1 instead
of by n when computing a sample variance!), there are some situations
in which we gladly accept a small amount of bias to reduce variability.
Multicollinearity is one such situation.
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The ridge trace. Page 2 of “cholresults.rtf” illustrates a “ridge trace”. This
is a plot of coefficient estimates obtained via ridge regression using several
values for the ridge parameter. When A equals 0, we have the ordinary least
squares estimates. As A moves away from 0, the estimates shift abruptly but
then appear to stabilize. If we let A increase indefinitely, then the estimates
would very gradually dissipate to 0.

Remark on the ridge trace. If there were no multicollinearity, then there
would be no abrupt shift near the beginning of the ridge trace.

Choosing a value for the ridge parameter. A ridge trace shows multiple sets
of coefficient estimates, but in the end we need to be able to report a single
set of coefficient estimates. Thus, we must choose a single value for the
ridge parameter. A rule of thumb is to take the smallest value at which the
coefficient estimates appear to have stabilized.

FExample, continued: cholesterol data. The ridge trace on page 2 of “chol-
results.rtf” shows that the coefficient estimates appear to have stabilized
at A = 0.002. Choosing this value for the ridge parameter, we obtain the
results on page 4 of “cholresults.rtf”.

The coefficient estimate (standard error) for total fat intake changed from
—3.361 (108.530) with ordinary least squares to 0.070 (0.247) with ridge re-
gression.

The coefficient estimate (standard error) for vegetable fat intake changed
from 2.860 (108.589) to —0.574 (0.375).
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The coefficient estimate (standard error) for animal fat intake changed
from 4.316 (108.428) to 0.870 (0.629).

The ridge regression estimates for total fat intake, vegetable fat intake,
and animal fat intake are thus much closer to 0 than the ordinary least
squares estimates. Even more dramatically, the corresponding standard er-
rors have been reduced by at least 99%.

On the other hand, the ridge regression estimates (and standard errors)
for saturated fat intake and polyunsaturated fat intake are not appreciably
different from the ordinary least squares estimates (and standard errors).

Discussion questions

1. Suppose that you applied ordinary least squares and obtained a plot of
ordinary residuals against predicted/fitted values in which the residuals had
a great deal of spread for extremely small or large predicted/fitted values
but rather little spread for moderate predicted /fitted values. How could the
approach presented in equation (10) be modified to accommodate this kind
of heteroscedasticity?

2. Why might we want to use ridge regression to address multicollinearity,
rather than simply eliminating one of the offending explanatory variables?

3. Ridge regression as presented in equation (13) reflects prior knowl-
edge/beliefs that the regression coefficients are not too large. How might
the penalty term in equation (13) be modified if you felt that 3; should be
close to, say, 157
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