STA 623 — Fall 2009 — Dr. Charnigo

Section 2.4: Differentiating under an integral sign

The main result. Suppose there exist 6 > 0 and A € B! such that the
following conditions are met for t € (y — §,y + 9).
1. The integral [, g(z, t) dx =: u(t) is absolutely convergent.
2. For any fixed x € A, 3 g(x t) exists and is a continuous function of ¢.
3. There exists h(z) > 0 such that latg(x t)] < h(z)and [, h(z) dz < co.
Then Zu(t)],—, exists and equals [, 2g(z,t)i—, da:.

Application to moment generating function. Let X be a continuous ran-
dom variable with probability density function fx(x) supported on X C R.
Assume there exists € > 0 such that

Mx(t) := Elexp(tX)] = / exp(tx) fx(x) do < 0o
x
for all t € [—e €]. We wish to show that

—MX |t 0= / eXp tl’ |t 0 fx( ) dr = E[X]

Put § :=¢€/2, A: =X, y:=0, and g(x,t) := exp(tz) fx(x).
1. Since (—€/2,€/2) C [—¢, €] we have

/Ag(x,t) dr = /Xexp(t:c) fx(z) de < o0

fort € (y—9d,y+6) = (—€/2,€/2), by assumption.
2. For any fixed x € A = X we have

%g(x, t) = %eXp(tx)fx(w) = wexp(t) fx(),

which is obviously continuous in £.
3. Forte (y—9,y+9) = (—¢€/2,¢/2), we have

|z exp(tr)| < wexp(er/2)1>0 — vexp(—ex/2)1 0
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There exists C' > 0 such that, when |z| > C, we have

vexp(er/2)1,>0) — zexp(—ex/2) 10
< exp(ex)l{xzo} + eXp(—ESC)l{a:<O}
< exp(er) + exp(—ex).

On the other hand, when |z| < C, we have
vexp(er/2) 10 — v exp(—exr/2) 10
< Cexp(eC/2)1 =0y + Cexp(eC/2) 10
= Cexp(eC/2).
Hence, for all x € X', we have
|z exp(tz)| < exp(ex) + exp(—ex) + Cexp(eC/2).

How do we finish?

A companion result for summation. Suppose there exists 0 > 0 such that
the following conditions are met for ¢t € (y — d,y + 9).

1. The summation Y .- g(z,t) =: u(t) is absolutely convergent.

2. For any fixed x € {0,1,2,...}, %g(m,t) exists and is a continuous
function of ¢.

3. There exists h(z) > 0 such that |2 g(z,t)| < h(z) and >0, h(z) < oo.

Then Lu(t)],—, exists and equals Yo7 (2 g(x, t)]—,.

Application to geometric series. We know that
oo
S
=0 1- q
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for ¢ € (0,1). We would like to differentiate in ¢ to conclude that

00 » 1
;qu T (197 o

and .
> sle =1 - — g

as these would be useful results for evaluating F[X]| and F[X(X —1)] if X
had the probability mass function fx(z) := (1 — ¢)¢" for x € {0,1,2,...}.
We will verify (1) together. Verification of (2) is left to you. Let y be a fixed
element of (0, 1), let § := min{y/2, (1 —y)/2}, and put g(z, q) := ¢".

1. Since (y — 0,y +6) C (0,1), we have

o0 o0
Y g(xq) =) ¢ <oo
=0 =0

for g € (y —d,y+9).
2. For any fixed x € {0,1,2,...}, we have

0 0 B
3 (z,q) = a—qq"” =2q"" = zexp[(z — 1) log ],

which is obviously continuous in ¢ € (y — d,y + 9).
3. Forqe (y—0,y+9)and x € {0,1,2,...}, we have

zexp[(z — 1)logq] < xexp[(z — 1)log(y + 0)].
There exists a positive integer C' such that z exp[(x — 1) log(y 4+ 6)] is strictly

decreasing as a function of x € [C, 00). Hence,

o

Z zexp[(z — 1) log(y + 0)] < / zexp[(z —1)log(y + 9)] dx,
r=C+1 c

and the latter is obviously finite. How do we finish?



