STA 623 — Fall 2009 — Dr. Charnigo

Written Assignment 4 Solutions

la. The cumulative distribution function is

. x exp|—t] B 1
F(@) = /_m @+ expl )2~ T+ expla]’

Setting F'(x) equal to 0.5 yields exp[—x] = 1 or = 0, so the median is 0. To find the mean, write

/fo(x) dx:/oooxf(x) dm+/0°°xf(x) "

For f_ooo zf(x) dz, we integrate by parts with u := z, dv := f(z) dz, v := F(z), and du := dx to obtain

0 0
/_ cf(x)de = zF(2)]° —/_ F(x) dx
T 0 1
T+ expla] /_oo T+ expl—a] ©

= — lim (v+log[l +exp[—a]]) |2

= - M}iinoo(M +log2 — log[1 + exp[M]])

= - Nhinoo(M + log 2 — log[exp[M](exp[—M] + 1)])

= - ]V}linoo(M +log2 — M — loglexp[— M| + 1]) = —log 2.

For [ zf(x) dz, we integrate by parts with u := x, dv := f(z) dz, v := F(z) — 1, and du := dx to obtain

/Ooxf(x) dr = a[F(z) - 1 - /OO[F@)—H dn
0 0
_ MBO_ /0 —exp[—1]

1+ exp[—2] 1+ exp[—2]
= 0—logl + exp[—a]][g®
= log2.

So -

/ zf(x) de = —log2+log2 = 0.
An alternative (and easier) computation of the mean entails writing f(z) = 1/(exp[—x/2] + exp[z/2])?,
which makes clear that 2 f(z) is an odd function. Hence [~ xf(z) dz must be 0, since the integral is
absolutely convergent: note that |z f(x)| < |z|exp[—|z]].

1b. Put . (& — p)/o]
oy Lefmor) exp o
o) =1 () = et o e
for p € (—o0,0) and o € (0,00). Then {f(z;p,0) : p € (—00,00),0 € (0,00)} is a location-scale family.

le. f X ~ f(a;p,0), then Z := (X — p)/o ~ f(z). Solving
P(Z <0)=05=P(X <wo5) = P(Z < (v05 — p)/0)



for z¢ 5 yields z¢5 = pu. Also, solving

(BIX] - )0 = BI(X — /o] = B[Z] = 0
for E[X] yields E[X] = p.

2a. We have
1 1
Bl - X)g (0] = [ (1= 0 @Bt 0P do = [ LR - P ) .
Integrating by parts with u := lf[[aaﬂi% a1 — )8, dv:= ¢'(z) dz, v := g(z), and
du = IF[[%;[%]] 22721 — 2)P~Y((a — 1)(1 — x) — Bx) dx yields
(07 1 (07

Bl1- X000 = (pe a0 ) 1= [ alop a0 -2 (- )1 - 0) - 60) ds

a0 ! (o — B [Of-h@] — )81 d

= 0 /Ogu(( D )2 B) gz e (=) d

1
= | s@@-@=n0-2)/2)@i0.0) dr
= Elg(X)(B - (a=1)(1-X)/X)].

2b. Exercise 3b of the take-home midterm examination showed that

Dloc+ BT [ +9]T[B + ]
Tla]T[BIT e+ B+ v + J]

whenever «,d > 0, a result that is obviously still valid for negative v or § provided that a + v and 5+ ¢
are positive. Since lim,_glogz ¢ = lim, . logz (1 — )¢ = 0 for any positive integer C, putting
C:=p=(a—1)and g(x) :=logz yields

E[X7(1 - X)) =

CEllog X2 - XY = EllogX(C—C(1-X)/X)]
= E[(1-X)/X]
= BX7'(1-X)]
_ TRC+1r[CIr[C +1]
1F[ 1T[CIr[2C +1]

Therefore, Ellog X(2 - X Y] =1/C.

2c. We have

f(x5 0, 8) = 1gaeo, 1)}% ]+[g}w 11— 2)771 = h(x)c(8) expwy (0)t1 (z) + wo(0)ta(z)]
with h(2) == Lizey, 0 = (0, 8), c(0) = FS50h, wi(0) == a — 1, t1(z) = logx, wa(0) := - 1, and
to(x) :=1log(l — ). Thus, {f(z;, ) : a € (1,00),5 € (0,00)} is an exponential family.

2d. We have aué;o@ =1 and aué;o@ =0, so that

EllogX] = E 8w10€0) log 8“2)2659)1

og(l — X)




_ _é%{bgr[a + 4] — logT'la] — log I[3]}

= o+ ) (ot B} (@)
= e+ 8) + )
= —yp2C+1)+9(C+1)
= {20+ 1)+ B(20)) + {$(20) + 90~ D} -+ {~Y(C +2) +(C + )
= —1/(2C) = 1/(2C —1) == 1/(C + 1)
2C

- > 1/

j=C+1

when = a — 1= C, a positive integer. Finally,

2C 2C—1
E[X'log X] = 2E[log X] — Elog X(2— X ") =-2 Y 1/j-1/C=-2 Y 1/j.
j=C+1 j=C

3a. Let Y equal 1 with probability one. Then E[Y] = 1 and P(vY > 1) = 1. If we can find X such
that E[X] = 0 and |X| = VY, then we are done since Var[X] = E[X?] — (E[X])? = E[Y] = 1 and
P(|X|>1)=PKY >1)=1.

The requirement that |X| = 1 with probability one implies that X has probability mass function
Ix(w) := plig=1y + (1 — p)lgz—_1y for some p € [0,1]. Then the requirement that E[X] =2p -1 =0
implies that p = 1/2. So, if X equals 1 with probability 1/2 and equals —1 with probability 1/2, then
Chebychev’s Inequality as applied to X is sharp.

3b. Mimicking the approach used to solve exercise 3a, we begin by seeking nonnegative Y such that
E[Y] =1 and P(VY > ¢) = P(Y > ¢?) = 1/c®. A reasonable guess is that Y should have probability
mass function fy (y) := (1/¢*)1gy—q} + (1 —1/¢*)1{,—0} for some number a > ¢*. This yields E[Y] = a/c?,
which equals 1 when a = ¢*.

Now we look for X such that E[X] =0 and |X| = VY. We see readily that X should have probability
mass function fx (z) :=1/(2¢*)1{=_cp + (1 =1/c*) 101 +1/(2¢*)1{4—c}. So, if X equals ¢ with probabil-
ity 1/(2¢?), equals 0 with probability 1 — 1/c?, and equals —c with probability 1/(2¢?), then Chebychev’s
Inequality as applied to X is sharp.

3c. Put Y := |X|. Then Y2 = X? so that E[Y?] = E[X?] = Var[X] + (E[X])? = 1. As such,

1=/Oooy2fy(y) dy:/cnyy(y) dy+/ooy2fy(y) dy

0 c

for any ¢ € (0,00). Since lime—oo [y 42 fy (y) dy = [;° y* fv (y) dy = 1, we see that lim.—oo [~ 32 fy (y) dy =
0. On the other hand, since y? > ¢? when y > ¢, we have fcoo V2 fy (y) dy > fcoo e fy (y) dy > 0. Hence,

0= lim y2fy(y) dy > lim / Cny(y) dy >0,

Cc— 00

which yields lim._, fcoo cfy (y) dy = 0. The proof is completed by noting that
AP(X|>¢)=cEP(Y >¢) = / Afy(y) dy.

This shows that, asymptotically as ¢ — oo, Chebychev’s Inequality becomes less and less useful in that the
probability being bounded becomes negligible compared to the bound.



