STA 623 — Fall 2011 — Dr. Charnigo

Written Assignment 3 Solutions

la. We have
Mz, (t) = Elexp(tZy,)]
= Elexp(t(2n)~"/2X,)] exp(—tn(2n)~1/?)
= Mx, (t(2n)""/?) exp(—t\/n/2)
= (1—t/2/n) "2 exp(—t\/n/2)
for t < \/n/2.

1b. In what follows, suppose that || € (0,1/2]. Note that exp(—t+/n/2) = exp(t/2/n)~™/? and

(I —ty/2/n)exp(t/2/n) = (1 —1t\/2/n)/exp(—t\/2/n)
1~ (exp(—ty/2/n) — 1+ ty/2]m)  exp(~ty/2]n)
= 1-({1+o(1)}*/n)/{1+0(1)}
= 1-({1+o0(1)}*/n),

where o(1) — 0 as ty/2/n — 0. Above, we have used the facts that exp(—u) = 1 —u+ {1+ o(1)}u?/2 and
exp(—u) = {1+ o0(1)} as u — 0. Thus, we have

My, (t) = [(1—t\/2/n)exp(tr/2/n)]~"/?
= = ({1 +oM)}?/n)~"?
= (1= ({1 +o0)}?/m))") "1/
o exp|—tY V2

= exp[t?/2].
Above, we have used the fact that (14 a{1+ o(1)}/n)" — expla] as n — oc.

lc. Since Mz, (t) — Mz(t) for all t € [-1/2,1/2], where Z has the standard normal distribution, we have

P(X, <z2(20)Y?4+n)=P(Z,<z) - P(Z<z) = /Z (2m) "2 exp[—t2/2] dt.

— 00

1d. The chi-square distribution on n degrees of freedom is approximately bell-shaped when n is large.

le. The approximate probabilities are

P(180 < X009 < 220) = P((180 — 200)/20 < (X500 — 200)/20 < (220 — 200),/20)
= P(=1< (Xa00 — 200)/20 < 1)
~ P(—1<Z<1)=0.682T.

Similarly, P(0 < X3 < 4) &~ 0.6827. On the other hand, the actual probabilities are (as determined by
software) P(180 < X399 < 220) = 0.6835 and P(0 < X, < 4) = 0.8647.



2a. The distribution of X,, belongs to an exponential family because fx (x) has the form h(z)c(n) exp[t(z)w(n)]
with h(z) := 1g,~0y exp[—2/2], ¢(n) := (P[n/2])~127"/2 t(z) = logz, and w(n) := (n/2 — 1).

2b. Since %w(n) =1/2, we have

(1/2)Eflog X,,] = E{iw(n)t(Xn)]

= L loa(Tln/2) ~ (n/2)log 2}
= (1/2)¢[n/2] + (1/2)log?2,
so that Eflog X,,] = ¢[n/2] + log 2.

2c. Since “Lw(n) = 1/2 and dd—;w(n) =0, we have

(1/4)Var[log X,] = Var {%w(n)t(){n)]
= ddzlogc( )
= log(Tn/2) - (n/2) g2}
= 4(/2)000/2) + (1/2) 052},
= (1/4)yn[n/2),

so that Var[log X,] = ¥1[n/2].
2d. Recalling that c(n) := (I'[n/2])7127"/2, we have
/ log[z]a™/* Y exp[—x/2] de = c(n)_l/ ¢(n)log[z]z™/ >t exp|—z/2] du
0 0

— ol [ ol o) do
= ¢(n) " E[log X,
= T[n/2)2"*{¢[n/2] + log2}.

2e. Putting u := 2z and du := 2\ dz, and identifying o with n/2, we have
| tostela expi=al de = [ loglu/ ]/ @A) expl—u/2] [du/ (2]
0
= (2N~ / {log[u] — log[2\]}u® "t exp[—u/2] du

TN a{ /0 log[u]u®~" exp[—u/2] du — log[2)] /0 o expl—u/2] du}

= ( )_“{T[ 12%(¢[e] +log 2) — log[2A|T'[a]27}
= A Tlel{¢]a] —log[A]}.



