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Abstract

Though many techniques are available to provide simultaneous confidence

bands around a nonparametric estimate of a mean response function, little at-

tention has been given to constructing simultaneous confidence bands for the

mean response and one or more derivatives, where simultaneous now refers

both to values of the covariate and to all derivatives under consideration. In

this paper we propose a method for constructing confidence bands that are

simultaneous over both the covariate space and for the mean response and one

or more derivatives. Our method works for any nonparametric regression tech-

nique that is both self-consistent and linear in the observed responses. We also

address the estimation of bias, interpolation error, and noise variance in case

assumptions about these quantities are not available or defensible. Besides pro-
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viding theoretical justifications for our methodology, we assess its performance

through simulations and an application to real data.

Key words: Nonparametric regression, self-consistency, bias correction,

compound estimator.

1 Introduction

Suppose that µ(x) is the mean response function for the nonparametric regres-

sion model

Yi = µ(xi) + ǫi for i ∈ {1, . . . , n}, (1)

where the design points xi belong to a compact interval X ⊂ R, µ(x) is a real-

valued function defined on the covariate space X that has (q + 1) continuous

derivatives for some q ∈ N, and the ǫi are independent, normally distributed

errors with mean zero and variance σ2 ∈ (0,∞).

Many nonparametric regression methods have been devised to estimate µ(x)

and its derivatives in this situation (Hardle 1990, Loader 1999, Gyorfi, Kohler,

Krzyzak, and Walk 2002, and references cited therein). In addition, many tech-

niques have been proposed for placing simultaneous confidence bands around

the estimate of µ(x) (Sun and Loader 1994; Wu and Zhou 2007, and references

cited therein). However, the only technique we are aware of for constructing

confidence bands that are simultaneous over both the covariate space and for

the mean response and one or more derivatives is that of Claeskens and Van

Keilegom (2003). Their technique is specifically designed for local polynomial

estimation via maximum likelihood.

Local polynomial estimation is not the only method used to recover deriva-
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tives. Charnigo and Srinivasan (2009a) discuss situations where, to be of prac-

tical use, estimates of the mean response and its derivatives need to be self-

consistent, meaning that estimates of the derivatives of the mean response are

derivatives of the estimate of the mean response. Local polynomial estimation

is not self-consistent and would, for example, lead to conflicting conclusions

about the timing of a growth spurt when µ(x) represents a height function, ac-

cording to whether one searches for a maximum of the first derivative estimate

or a zero of the second derivative estimate.

The present paper develops a method for constructing confidence bands

that are simultaneous over both the covariate space and for the mean response

and one or more derivatives. Our methodology works for any nonparametric

regression technique that has the following two properties:

Self-consistency. An estimator µ̂(x) is self-consistent if dj

dxj µ̂(x) exists and

equals d̂j

dxj µ(x) for every j ∈ {1, 2, . . . , q}.

Linear in the observed responses. An estimator µ̂(x) is linear in the observed

responses if µ̂(x) :=
∑n

i=1 li(x)Yi for functions l1, . . . , ln which do not depend

on Y1, . . . , Yn.

Kernel smoothing (Priestley and Chao 1972), spline smoothing (Schoen-

berg 1964, Reinsch 1967), and compound estimation (Charnigo and Srinivasan

2009a, 2009b) are examples of nonparametric regression techniques with which

simultaneous confidence bands can be constructed as proposed in this paper.

Quantities like bias, interpolation error, and noise variance are generally

unknown but are, for convenience, often treated as if they were known or as if

upper bounds for them were available. We explicitly address the estimation of
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bias, interpolation error, and noise variance. While our methodology for mean

responses and derivatives can work with upper bounds for such quantities, it

does not rely on the availability of these upper bounds.

The rest of this paper is organized as follows. Section 2 demonstrates how

to obtain simultaneous confidence bands given assumptions about bias and

interpolation error. In Section 3 we remove the assumption about the bias. In

Section 4, we propose estimates of the interpolation error. A modification for

unknown variance is proposed in Section 5. Section 6 includes results from a

simulation study and application to real data.

2 Simultaneous Confidence Bands

We say that, Lp1
(x), ..., LpJ

(x) and Up1
(x), ..., UpJ

(x) form 100(1 − α)% con-

fidence bands for derivatives p1, . . . , pJ ∈ {0, 1, . . . , q} for some J ≤ q + 1 if

P (Lp1
(x) ≤ µ(p1)(x) ≤ Up1

(x), ..., LpJ
(x) ≤ µ(pJ)(x) ≤ UpJ

(x),∀x ∈ X ) ≥ 1−α.

Note that ‘simultaneous’ here has a double meaning: the confidence bands are

simultaneous over both X and {p1, . . . , pJ}.

Knafl, Sacks, and Ylvisaker (1985) considered an estimator linear in the

observed responses and developed simultaneous confidence bands for the mean

response only, i.e. J = 1 and p1 = 0. They showed that if we take G =

{ξ1, ..., ξG} to be a uniform grid of points from X , including the boundaries,

and define

Z(x) :=

∑n
i=1 li(x)ǫi

σD(x)
,where D(x) =

√√√√
n∑

i=1

li(x)2, then

[
Z(ξ1) Z(ξ2) · · · Z(ξG)

]t

∼ MV N (0,Σ)
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where Σ has diagonal entries of 1 and off-diagonal entries of

Σkj =

n∑

i=1

li(ξk)li(ξj)/[D(ξk)D(ξj)].

They can then compute a zα so that P (maxx∈G |Z(x)| > zα) ≤ α. Then if B(x)

represents the absolute value of the bias of µ̂(x) and M := supx∈X |µ(x) −

µI(x)|, they demonstrate that µ̂I(x) ± [M + BI(x) + zασDI(x)] are 100(1 −

α)% confidence bands for the mean response. Here, and in what follows, the

subscript I denotes linear interpolation between the grid points so that for f(x)

defined on X and ξj < x < ξj+1,

fI(x) :=

[
ξj+1 − x

ξj+1 − ξj

]
f(ξj) +

[
x − ξj

ξj+1 − ξj

]
f(ξj+1).

In the present paper, however, we seek to formulate simultaneous confidence

bands not only for the mean response, but also over one or more derivatives.

To do this, for each p ∈ {p1, ..., pJ}, we define

Zp(x) :=

∑n
i=1 l

(p)
i (x)ǫi

σDp(x)
,where Dp(x) =

√√√√
n∑

i=1

l
(p)
i (x)2. (2)

The vector of all of the Zp(x)’s evaluated at the grid points will be multivariate

normally distributed. The mean will be the zero vector and the covariance

matrix will have 1’s on the diagonal with off-diagonal entries:

Cov(Za(ξj), Zb(ξk)) =

∑n
i=1 l

(a)
i (ξj)l

(b)
i (ξk)

Da(ξj)Db(ξk)
for a, b ∈ {p1, p2, · · · , pJ}. (3)

It then follows that

P

(
∪J

r=1

{
max
x∈G

|Zpr(x)| > zα

})

≤ P
(
∪J

r=1{|Zpr(ξ1)| > zα}
)

+

G−1∑

j=1

P
(
{∩J

r=1{|Zpr(ξj)| ≤ zα}} ∩ {∪J
r=1{|Zpr(ξj+1)| > zα}}

)
. (4)

5



We then choose zα so that (4) is equal to α. The benefit of (4) is that proba-

bilities involving multivariate normal vectors of dimension 2J are numerically

much easier to evaluate than probabilities involving multivariate normal vec-

tors of dimension GJ . The conservatism involved with (4) will be small as long

as the correlations between Zpr(ξj) and Zpr(ξj+1) are high.

If (4) is too conservative, then we could instead consider that

P

(
∪J

r=1{max
x∈G

|Zpr(x)| > zα}

)

≤ P
(
∪J

r=1{|Zpr(ξ1)| > zα}
)

+P
(
{∩J

r=1{|Zpr(ξ1)| ≤ zα}} ∩ {∪J
r=1{|Zpr(ξ2)| > zα}}

)
(5)

+

G−2∑

j=1

P
(
{∩J

r=1{|Zpr(ξj)| ≤ zα}}

∩{∩J
r=1{|Zpr(ξj+1)| ≤ zα}} ∩ {∪J

r=1{|Zpr(ξj+2)| > zα}}
)
.

Choosing zα so that (5) is equal to α is less conservative than doing so for

(4). Even more conservatism could be eliminated since (4) and (5) are the first

two upper bounds available from a decreasing sequence of G− 1 upper bounds

whose last member is exactly equal to the probability being bounded.

We now state our first theorem:

Theorem 2.1 Assume that model (1) holds. Let µ̂(x) be self-consistent and

linear in the observed responses. Let G be a uniform grid of points from X . Let

Bp(x) be the absolute value of the bias of µ̂(p)(x) and Mp = supx∈X |µ(p)(x) −

µ
(p)
I (x)| for p ∈ {p1, ..., pJ}. Let Dp(x) be defined as in (2). Then

P (Lp1
(x) ≤ µ(p1)(x) ≤ Up1

(x), ..., LpJ
(x) ≤ µ(pJ)(x) ≤ UpJ

(x),∀x ∈ X ) ≥ 1−α,

where Up(x), Lp(x) := µ̂
(p)
I (x) ± (Mp + BpI(x) + zασDpI(x)).
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Note that the assumptions of known Bp(x) and Mp (which depend on µ(x)),

and of known σ, will be removed in Sections 3, 4, and 5, respectively. The

proof of Theorem 2.1 and of all other theoretical results may be found in the

Appendix.

3 Bias correction

In the previous section we worked from the assumption that bounds on the

bias are known. One may or may not have a good rationale for making such

assumptions. In this section we investigate data-based means of dealing with

the bias.

Since Biasµ[µ̂(x)] =
∑n

i=1 li(x)µ(xi)−µ(x), a proposed estimate of the bias

in estimating the mean response is (Loader 1999, p. 168):

B̂ias(x) :=
n∑

i=1

li(x)µ̂(xi) − µ̂(x). (6)

However, Loader cautions that one should not simply shift both upper and

lower bands for the mean response by subtracting the estimate of the bias.

Such efforts merely result in bands centered around undersmoothed estimates

of the mean response.

We note that (6) can be extended to provide bias estimates for derivatives.

Since Biasµ[µ̂(p)(x)] =
∑n

i=1 l
(p)
i (x)µ(xi) − µ(p)(x), a proposed estimate of the

bias is:

̂Biasp(x) :=

n∑

i=1

l
(p)
i (x)µ̂(xi) − µ̂(p)(x). (7)

As when constructing confidence bands for mean responses, we should not

simply use (7) to shift both the upper and lower bands for µ(p)(x). However,
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we can take the absolute value of (7) as an estimate of Bp(x). For convenience

this estimate is hereafter denoted B̂p(x). Then substituting B̂p(x) for Bp(x)

in the Up(x), Lp(x) formulas of Theorem 2.1 addresses the bias issue without

assuming that a bound for the bias is known. If there is concern about the

disparity between B̂p(x) and Bp(x), in that the former may underestimate the

latter, then that disparity itself can be estimated and incorporated into the

confidence bands. We will elaborate on that idea later in this section.

Supposing for now that the disparity between B̂p(x) and Bp(x) is not wor-

risome, some conservatism in the confidence bands can be eliminated. This

is because the use of Bp(x) in Theorem 2.1 does not exploit any information

about the sign of the bias. If the bias were known to be positive, then reducing

the lower confidence band by Bp(x) would be reasonable, but there would be

no need to raise the upper confidence band by Bp(x). Likewise, if the bias were

known to be negative, then raising the upper confidence band by Bp(x) would

be reasonable, but there would be no need to reduce the lower confidence band

by Bp(x). Of course, if one is assuming rather than estimating an upper bound

for Bp(x), then typically one does not know the sign of the bias. On the other

hand, if one is estimating an upper bound for Bp(x) via the absolute value of

(7), then one does have information about the sign of the bias. Thus, some

conservatism in the confidence bands can be eliminated if, instead of replacing

Bp(x) by B̂p(x), we replace Bp(x) in the lower band by B̂p(x)1 ̂Biasp(x)>0
and

in the upper band by B̂p(x)1 ̂Biasp(x)<0
. This is done at each grid point prior to

interpolation.

We now return to the question of handling the disparity between B̂p(x) and
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Bp(x). Since the difference between B̂p(x) and Bp(x) depends in large part on

the difference between
∑n

i=1 l
(p)
i (x)µ̂(xi) and

∑n
i=1 l

(p)
i (x)µ(xi), we note that

for ap(x) > 0,

P

(∣∣∣∣∣
n∑

i=1

l
(p)
i (x)µ̂(xi) −

n∑

i=1

l
(p)
i (x)µ(xi)

∣∣∣∣∣ ≥ ap(x)

)

≤
1

ap(x)2
E



(

n∑

i=1

l
(p)
i (x)µ̂(xi) −

n∑

i=1

l
(p)
i (x)µ(xi)

)2

 (8)

=
1

ap(x)2
E




n∑

i=1

n∑

j=1

n∑

k=1

n∑

m=1

l
(p)
i (x)lj(xi)l

(p)
k (x)lm(xk)YjYm

−2
n∑

i=1

n∑

j=1

n∑

k=1

l
(p)
i (x)lj(xi)l

(p)
k (x)Yjµ(xk) +

n∑

i=1

n∑

j=1

l
(p)
i (x)l

(p)
j (x)µ(xi)µ(xj)




=
1

ap(x)2




n∑

i=1

n∑

j=1

n∑

k=1

n∑

m=1

l
(p)
i (x)lj(xi)l

(p)
k (x)lm(xk){µ(xj)µ(xm) + σ21j=m}

−2
n∑

i=1

n∑

j=1

n∑

k=1

l
(p)
i (x)lj(xi)l

(p)
k (x)µ(xj)µ(xk)

+

n∑

i=1

n∑

j=1

l
(p)
i (x)l

(p)
j (x)µ(xi)µ(xj)


 , (9)

where line (8) follows from the Markov Inequality. By substituting µ̂(x) for

µ(x), (9) can be set equal to P0 ∈ (0, 1) and the equation can then be solved

to yield an estimate, âp(x). The value of âp(x) will need to be evaluated at

each of the grid points and the upper band is then shifted up by âp(x) while

the lower band is shifted down by âp(x). In our experience, substitution of

B̂p(x)1 ̂Biasp(x)>0
or B̂p(x)1 ̂Biasp(x)<0

for Bp(x) sometimes leads to bands with

actual coverage probability less than the nominal coverage probability of 1−α.

However, the adjustment by âp(x) often yields an actual coverage probability

greater than the nominal coverage probability, even when P0 is as large as α.

This is because inequality (8) is rather conservative.
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The rate at which ap(x) goes to zero will depend on the nonparametric

regression estimator being employed and the order of the derivative p. The

following proposition demonstrates this for kernel regression with a compactly

supported kernel.

Proposition 3.1 Assume the conditions of Theorem 2.1 hold. Assume that

nonparametric regression is performed using the kernel estimator

µ̂(x) = (nh)−1
n∑

i=1

K((x − xi)/h)Yi

with the kernel function supported on [−1, 1]. Further suppose that

sup
x

|µ̂(p)(x) − µ(p)(x)| = Op

((
n

log n

)(p−J−1)/(2J+3)
)

with bandwidth h ∝ n−1/(2J+3). Then ap(x) = Op(n
(p−J−1)/(2J+3) log n).

If one wishes to guarantee that, asymptotically, the actual coverage prob-

ability does not fall short of the nominal coverage probability, then one may

proceed as follows. Let rp be the convergence rate of the nonparametric re-

gression technique being employed (i.e. nrp(µ̂(p)(x) − µ(p)(x)) = Op(1)) and

define

β̂pL(x) := max
{∣∣∣B̂iasp(x)

∣∣∣ 1
B̂iasp(x)>0

+ ap(x), g(n)
}

and

β̂pU (x) := max
{∣∣∣B̂iasp(x)

∣∣∣ 1
B̂iasp(x)<0

+ ap(x), g(n)
}

, (10)

where g(n) → 0 and nrpg(n) → ∞.

We then obtain a modification of Theorem 2.1:

Theorem 3.1 Let β̂aL(x) and β̂aU (x) be as in (10). Then, under the condi-

tions of Theorem 2.1,

lim inf
n→∞

P
(
Lp1

(x) ≤ µ(p1)(x) ≤ Up1
(x),
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..., LpJ
(x) ≤ µ(pJ )(x) ≤ UpJ

(x),∀x ∈ X
)
≥ 1 − α

where Lp(x) := µ̂
(p)
I (x) − (Mp + β̂pL(x)I + zασDpI(x))

and Up(x) := µ̂
(p)
I (x) − (Mp + β̂pU (x)I + zασDpI(x)).

4 Interpolating between the grid points

To obtain confidence bands that are simultaneous over the entire covariate

space rather than simply over a finite grid of points we must interpolate be-

tween the grid points. As mentioned previously, this can be accomplished if

we assume that upper bounds on supx∈X |µ(p)(x) − µ
(p)
I (x)|, call them Mp for

p ∈ {p1, ..., pJ}, are available.

If such bounds are unavailable, then we propose using the following esti-

mates:

M̂p :=





maxi∈{1,...,n} |µ̂
(p)(xi) − µ̂

(p)
I (xi)| : n < Nm0

maxγi∈Γm |µ̂(p)(γi) − µ̂
(p)
I (γi)| : Nm ≤ n < Nm+1

for m ≥ m0, where m0 is an arbitrary positive integer, Γm = {γ1, . . . , γm} ⊂ X

is a grid that becomes dense in X as m → ∞ and {Nm : m ∈ {1, 2, . . .}} is a

strictly increasing sequence of positive integers.

The large-sample justification for using these estimates is shown in Theorem

4.1:

Theorem 4.1 If µ̂(p)(x) →P µ(p)(x) as n → ∞,∀x ∈ X and p ∈ {p1, . . . , pJ},

then the sequence {Nm : m ∈ {1, 2, . . .}} may be chosen so that M̂p →P Mp as

n → ∞. In this case, under the conditions of Theorem 3.1,

lim inf
n→∞

P
(
Lp1

(x) ≤ µ(p1)(x) ≤ Up1
(x),
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..., LpJ
(x) ≤ µ(pJ )(x) ≤ UpJ

(x),∀x ∈ X
)
≥ 1 − α

where Lp(x) := µ̂
(p)
I (x) − (M̂p + ǫ + β̂pL(x)I + zασDpI(x))

and Up(x) := µ̂
(p)
I (x) − (M̂p + ǫ + β̂pU (x)I + zασDpI(x)),

and ǫ is an arbitrarily small positive number.

We close this section with an observation about the interpolation error. For

typical nonparametric regression estimators, Bp(x) and Dp(x) will tend to 0 as

n → ∞. Thus, their contributions to the confidence bands will become negli-

gible asymptotically. On the other hand, the bound Mp for the interpolation

error will not change with n. This has the unsettling consequence that, asymp-

totically, the region bounded by the confidence bands will have area at least

2×Mp× length(X ). In effect, there is a limit to how tight the confidence bands

can become. One way to address this problem, as indicated in the following

proposition, is to let the grid G change with n.

Proposition 4.1 Suppose that G becomes dense in X as n → ∞. Then, under

the conditions of Theorem 3.1, Mp → 0 as n → ∞.

5 Modifications for unknown variance

All preceding theoretical results assume that the variance σ2 is known. We now

consider the situation in which σ2 is unknown. If σ̂2 is a consistent estimator

of σ2 and

Z :=

[
Zp1

(ξ1) · · · Zp1
(ξG) · · · ZpJ

(ξ1) · · · ZpJ
(ξG)

]t

→L Z∗ (11)
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where Z∗ ∼ MV N (0,Σ∗) for some symmetric positive definite matrix Σ∗, then

by Slutsky’s Theorem

Ẑ :=

[
Ẑp1

(ξ1) · · · Ẑp1
(ξG) · · · ẐpJ

(ξ1) · · · ẐpJ
(ξG)

]t

→L Z∗,

where Ẑp(ξj) := (σ/σ̂) Zp(ξj) for p ∈ {p1, . . . , pJ} and j ∈ {1, . . . , G}. To

demonstrate that assuming the existence of such Σ∗ is not unreasonable, we give

the explicit form of Σ∗ for a compactly supported kernel smooth in Proposition

5.1 below.

Then for any Borel set A ∈ RG∗J , P (Z ∈ A) → P (Z∗ ∈ A) and P (Ẑ ∈

A) → P (Z∗ ∈ A). Thus P (Ẑ ∈ A) − P (Z ∈ A) → 0 justifying P (Z ∈ A) from

expressions (4) and (5) as an approximation to P (Ẑ ∈ A).

Theorem 5.1 Let σ̂2 be a consistent estimator of σ2, and suppose that (11)

holds. Then under the conditions of Theorem 4.1,

lim inf
n→∞

P
(
Lp1

(x) ≤ µ(p1)(x) ≤ Up1
(x),

..., LpJ
(x) ≤ µ(pJ )(x) ≤ UpJ

(x),∀x ∈ X
)
≥ 1 − α

where Lp(x) := µ̂
(p)
I (x) − (M̂p + ǫ + β̂pL(x)I + zασ̂DpI(x))

and Up(x) := µ̂
(p)
I (x) − (M̂p + ǫ + β̂pU (x)I + zασ̂DpI(x)),

and ǫ is an arbitrarily small positive number.

We propose using the following estimator of σ2 (Craven and Wahba 1979,

Loader 1999):

σ̂2 :=

∑n
i=1 [Yi − µ̂(xi)]

2

n − ν
, where ν :=

n∑

m=1

lm(xm). (12)
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The quantity νσ̂2/σ2 has an approximate chi-square distribution with ν de-

grees of freedom (Satterthwaite 1946, Cleveland 1979). So for better coverage

probability with small samples, we can employ a multivariate t-distribution in

place of a multivariate normal distribution with Σ as the scale matrix of the

multivariate t-distribution in calculating zα in (4) and (5).

Proposition 5.1 Assume that a kernel regression estimator with kernel func-

tion K(u) compactly supported on X is being employed to estimate µ(x) from

model (1). Assume the bandwidth parameter h → 0 as n → ∞ and let the de-

sign points be uniform on X . Then Σ → Σ∗, where Σ is the variance-covariance

matrix of Z and Σ∗ is such that the covariance of Za(ξj) and Zb(ξk) is

∫
R

K(a)(u)K(b)(u)du√∫
R

K(a)(u)2du
∫

R
K(b)(u)2du

if j = k and 0 otherwise.

6 Simulations and application to ethanol data

We performed simulations to assess this methodology for constructing simulta-

neous confidence bands for a mean response and its derivatives. To do this we

generated 1000 data sets from (1) with µ(x) := sin(2πx)+cos(2πx)+log(4/3+x)

with x1, ..., xn equispaced on X = [−1, 1] and σ = .1. We did this for n ∈

{50, 100} and α ∈ {.05, .20}. We estimated the mean response and its deriva-

tives using compound estimation (Charnigo and Srinivasan 2009a) with filtra-

tion and extrapolation with J = 4, 27 centering points, β = 15 (150 during

filtration and extrapolation), nearest neighbor local regression pointwise esti-

mators using nearest neighbor fraction .30 (”.15 during filtration and extrap-
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olation), and κ = 1.1. We then placed simultaneous confidence bands for the

mean response and first derivative (p1 = 0, p2 = 1) and simultaneous confidence

bands for the mean response and first two derivatives (p1 = 0, p2 = 1, p3 = 2),

in each case using G = 25.

The results are in Table 1. In each case, the confidence bands are conser-

vative, achieving greater than the nominal coverage probability. The bands

constructed using α = .20 for the mean response and first two derivatives cap-

ture the true mean response and first two derivatives only 86.3 and 84.0 percent

of the time for sample sizes of 50 and 100, respectively. This is reassuring be-

cause it indicates that while the bands are indeed conservative, they are not

unreasonably so. Figures 1 and 2 display some simulated data sets and their

accompanying simultaneous confidence bands.

We also applied our methodology to a data set from Brinkman (1981) in-

volving exhaust emissions. This data set has been examined elsewhere using

nonparametric regression techniques (Cleveland 1979, Loader 1999). Loader

discusses how to estimate the mean response and first two derivatives of the

concentration of certain pollutants (NOx) with respect to the equivalence ra-

tio (E) using local regression. Loader does not, however, discuss how to place

confidence bands around the estimates.

We estimate the mean response and first two derivatives using compound

estimation with filtration and extrapolation using the same tuning parameters

as in the simulations. In Figure 3 we obtain simultaneous 95% confidence

bands for the mean response and the first derivative. In Figure 4 we obtain

simultaneous 95% confidence bands for the mean response and the first two
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derivatives.

An initial glance at these figures may lead to the perception that the bands

seem wide. This perception is due to a couple of factors. The first is that this

data has a relatively low signal-to-noise ratio. The estimated mean response has

a range of only 3.4 while the estimated standard deviation is .9. The wide bands

reflect the uncertainty inherent in this relatively large standard deviation. The

second factor is that intuition about confidence intervals around the estimate of

the mean response at a given point does not translate easily to confidence bands

that are simultaneous over the mean response and one or more derivatives at

all points. Despite the low signal-to-noise ratio, the confidence bands do allow

us to identify ranges of E over which pollution is clearly increasing (.76 to .81,

per Figure 3) and decreasing (.99 to 1.06).

The price of having bands that are simultaneous over the mean response

and two derivatives as opposed to bands that are simultaneous over the mean

response and just one derivative is wider bands. However, in this case that

price is small. The band for the mean response in Figure 4 is .8% wider on

average than the band for the mean response in Figure 3. The band for the

first derivative of the mean response in Figure 4 is also .8% wider on average

than the band for the first derivative in Figure 3.

7 Discussion and future research

We have provided a method for constructing simultaneous confidence bands

for a mean response and its derivatives. Importantly, our methodology will

work for any nonparametric regression estimator that is both self-consistent
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and linear in the observed responses. We have addressed how to estimate

bias, interpolation error, and noise variance when a data analyst is unwilling

to assume upper bounds for these quantities a priori. In each instance, we

have provided a theorem demonstrating that, for large samples, the actual

coverage probability still meets or exceeds the nominal coverage probability.

Small sample pragmatics have not been neglected, however, as our simulations

have demonstrated that the actual coverage probability meets or exceeds the

nominal coverage probability for small samples also.

In addition, our methodology can be extended to provide confidence bands

for derivative j1 on a compact interval E1 ⊂ X , derivative j2 on E2 ⊂ X ,

and so forth. Such an extension is potentially useful for two reasons. First,

a data analyst simply may not be interested in examining every derivative on

the full covariate space but may prefer, on scientific grounds, to identify a

different region of interest for each derivative. In this case, the simultaneous

confidence bands constructed over E1, . . . , EJ will be narrower than if they

had been constructed over all of X and then restricted to E1, . . . , EJ . Second,

while a data analyst may be uncomfortable assuming upper bounds for some

quantities on X , he or she may be willing to assume them on E1, . . . , EJ . If

these bounds are tight over E1, . . . , EJ , then the simultaneous confidence bands

constructed over E1, . . . , EJ may be further narrowed.

The methodology we have described does require that errors be normal,

independent, and have constant variance. Yet there are applications for which

simultaneous confidence bands would be desirable which do not satisfy these

requirements (Pagan and Ullah 1999, chap. 4). Thus, generalizations which
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account for non-normal, correlated, and heteroscedastic errors are avenues for

future research.
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A Appendix: Proofs of Technical Results

Proof of Theorem 2.1. Then

P
(
∩pJ

p=p1

{
|µ̂

(p)
I (x) − µ(p)(x)| ≤ Mp + BpI(x) + zασDpI(x)

}
, x ∈ X

)

≥ P (∩pJ
p=p1

{
|µ̂

(p)
I (x) − µ

(p)
I (x)| ≤ BpI(x) + zασDpI(x)

}
, x ∈ X ) (13)

= P
(
∩pJ

p=p1

{
|µ̂(p)(x) − µ(p)(x)| ≤ Bp(x) + zασDp(x)

}
, x ∈ G

)

= P

(
∩pJ

p=p1

{∣∣∣∣∣
n∑

i=1

l
(p)
i (x)[µ(xi) + ǫi] − µ(p)(x)

∣∣∣∣∣

≤ Bp(x) + zασDp(x)} , x ∈ G)

≥ P

(
∩pJ

p=p1

{∣∣∣∣∣
n∑

i=1

l
(p)
i (x)ǫi

∣∣∣∣∣ ≤ zασDp(x)

}
, x ∈ G

)
(14)

≥ 1 − α, (15)

where lines (13) and (14) follow from the triangle inequality and line (15) follows

from the determination of zα.

Proof of Theorem 3.1. Let

A :=
{

µ̂
(p)
I (x) − zασDpI(x) − Mp −

∣∣∣Biasµ[µ̂(p)(x)]
∣∣∣
I
≤ µ(p)(x)

≤ µ̂
(p)
I (x) + zασDpI(x) + Mp +

∣∣∣Biasµ[µ̂(p)(x)]
∣∣∣
I
,

∀x ∈ X ,∀p ∈ {p1, ..., pJ}} ,

B :=
{

µ̂
(p)
I (x) − zασDpI(x) − Mp − β̂pL(x)I ≤ µ(p)(x) (16)

≤ µ̂
(p)
I (x) + zασDpI(x) + Mp + β̂pU (x)I ,∀x ∈ X ,∀p ∈ {p1, ..., pJ}

}
, and

C :=
{

β̂pU (x)I ≥
∣∣∣Biasµ[µ̂(p)(x)]

∣∣∣
I

(17)

and β̂pL(x)I ≥
∣∣∣Biasµ[µ̂(p)(x)]

∣∣∣
I
,∀x ∈ X ,∀p ∈ {p1, ..., pJ}

}
.

Now note that (A∩C) ⊂ B and so P (B) ≥ P (A∩C) = P (A)−P (A∩Cc). By

Theorem 2.1, P (A) ≥ 1 − α and since µ̂(a)(x) converges to µ(a)(x) at the rate

ra, P (A ∩ Cc) ≤ P (Cc) → 0 which implies the desired result.
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Lemma A.1 If f(x) is continuous on X , where {γi}
m
i=1 constitute a grid of

points that become dense in X as m → ∞, then maxi∈{1,...,m} f(γi) → supx∈X f(x)

as m → ∞.

Proof of Lemma A.1. Let f(t0) = supx∈X f(x). Then ∀δ > 0,∃M ∈ N such

that ∀m ≥ M,∃i∗ ∈ {1, ...,m} such that |γi∗ − t0| < δ. Then by the uniform

continuity of f on X , ∀ǫ > 0,∃M such that ∀m ≥ M,∃i∗ ∈ {1, ...,m} such that

|f(γi∗) − supx∈X f(x)| < ǫ. Since f(γi∗) ≤ maxi∈{1,...,m}f(γi) ≤ supx∈X f(x),

this implies that ∀ǫ > 0, ∃M such that ∀m ≥ M , |maxi∈{1,...,m} f(γi) −

supx∈X f(x)| < ǫ which yields the desired result.

Proof of Theorem 4.1. Let f̂(x) := |µ̂(p)(x)− µ̂
(p)
I (x)| and f(x) := |µ(p)(x)−

µ
(p)
I (x)|. Define M̂p(m) := maxi∈{1,...,m} f̂(γi) and Mp(m) := maxi∈{1,...,m} f(γi).

The fact that µ̂(p)(x) →P µ(p)(x), ∀x ∈ X , implies ∀m ∈ N, M̂p(m) →P Mp(m).

So ∀m ∈ N, ∃N0(m) such that ∀n ≥ N0(m), P
(∣∣∣M̂p(m) − Mp(m)

∣∣∣ ≥ 1/m
)
≤

1/m.

Now for m > 1 define Nm := max (N0(m), Nm−1 + 1) and define

M̃p :=





Mp(n) : n < Nm0

Mp(m) : Nm ≤ n < Nm+1

for m ≥ m0, where m0 is an arbitrary positive integer.

Let ǫ > 0. Then ∃m̃1 ∈ N such that 1/m̃1 ≤ ǫ/2. Also by Lemma A.1, ∃m̃2

such that ∀m ≥ m̃2,

P

(∣∣∣∣ max
i∈{1,...,m}

f(γi) − sup
x∈X

f(x)

∣∣∣∣ ≥ ǫ/2

)
= 0 ≤ ǫ/2.

Let mǫ = max{m̃1, m̃2}. For Nmǫ+1 ≤ n,
∣∣∣M̂p − M̃p

∣∣∣ =
∣∣∣M̂p(mn) − Mp(mn)

∣∣∣
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where Nmn ≤ n < Nmǫ+1 and so

P

(∣∣∣∣M̂p − sup
x∈X

f(x)

∣∣∣∣ ≥ ǫ

)

≤ P

(∣∣∣M̂p − M̃p

∣∣∣+
∣∣∣∣M̃p − sup

x∈X
f(x)

∣∣∣∣ ≥ ǫ

)

≤ P
(∣∣∣M̂p(mn) − Mp(mn)

∣∣∣ ≥ ǫ/2
)

+ P

(∣∣∣∣Mp(mn) − sup
x∈X

f(x)

∣∣∣∣ ≥ ǫ/2

)

≤ P
(∣∣∣M̂p(mn) − Mp(mn)

∣∣∣ ≥ 1/mǫ

)
+ ǫ/2

≤ P
(∣∣∣M̂p(mn) − Mp(mn)

∣∣∣ ≥ 1/mn

)
+ ǫ/2

≤ 1/mn + ǫ/2

≤ 1/mǫ + ǫ/2

≤ ǫ,

which implies the desired result.

Proof of Proposition 4.1. Let ǫ > 0 and x ∈ int(X ). There exists δ > 0 de-

pending on ǫ but not x such that if y ∈ X and |x−y| < δ, then
∣∣µ(p)(x) − µ(p)(y)

∣∣ <

ǫ/2 by the uniform continuity of µ(p) on X . Also, since G becomes dense in X

as |G| → ∞, there exists G (depending on δ but not on x) such that ∀|G| ≥ G,

there exist a, b ∈ G such that a ≤ x ≤ b, |b−a| < δ. So there exists G such that

∀|G| ≥ G, there exist a, b ∈ G such that a ≤ x ≤ b, |µ(p)(a)−µ(p)(x)| < ǫ/2 and

|µ(p)(b) − µ(p)(a)| < ǫ/2. If a = x = b, then |µ(p)(x) − µ
(p)
I (x)| = 0. Otherwise,

∣∣∣µ(p)(x) − µ
(p)
I (x)

∣∣∣

=

∣∣∣∣µ(p)(x) −
x − a

b − a

[
µ(p)(b) − µ(p)(a)

]
− µ(p)(a)

∣∣∣∣

≤
∣∣∣µ(p)(x) − µ(p)(a)

∣∣∣+
∣∣∣µ(p)(b) − µ(p)(a)

∣∣∣ (18)

≤ ǫ,

where line (18 holds when the grid size is greater than or equal to G. Now since
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∣∣∣µ(p)(x) − µ
(p)
I (x)

∣∣∣ ≤ ǫ,∀x ∈ int(X ), where int(X ) denotes the interior of the

set X , then supx∈X

∣∣∣µ(p)(x) − µ
(p)
I (x)

∣∣∣ ≤ ǫ, which implies the desired result.

Proof of Proposition 5.1. Let B and C be defined as in (16) and (17),

respectively. Define

D := {M̂p + ǫ ≥ Mp,∀p ∈ {p1, ..., pJ}},

E := {∪J
r=1 max

x∈G

|Ẑpr(x)| ≤ zα},

F := {∪J
r=1 max

x∈G

|Zpr(x)| ≤ zα}.

Then C ∩ D ∩ E ⊂ B and therefore

lim sup
n→∞

P (Bc) ≤ lim sup
n→∞

P (Cc) + P (Dc) + P (Ec)

≤ lim sup
n→∞

P (Cc) + lim sup
n→∞

P (Dc)

+ lim sup
n→∞

P (F c) + lim sup
n→∞

[P (Ec) − P (F c)]

= lim sup
n→∞

P (F c)

≤ α.

Proof of Proposition 5.1. Without loss of generality, take X := [−1, 1]. First

consider the elements of Σ corresponding to j 6= k. Consider n large enough so

that |ξj − ξk| > 2h. Consider that K(a)((ξj − xi)/h) 6= 0 only if |ξj − xi| ≤ h.

But if |ξj − xi| ≤ h then

|ξk − xi| = |ξk − ξj + ξj − xi| ≥ ||ξk − ξj | − |ξj − xi|| > h,

which means that K(b)((ξk −xi)/h) = 0. So for n large enough that |ξj − ξk| >

2h, the elements of Σ corresponding to j 6= k are 0.
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For j = k we have

∑n
i=1 l

(a)
i (ξj)l

(b)
i (ξk)√∑n

i=1 l
(a)
i (ξj)2

∑n
i=1 l

(b)
i (ξj)2

=

∑n
i=1 K(a)(

ξj−xi

h )K(b)(
ξj−xi

h )√∑n
i=1 K(a)(

ξj−xi

h )2
∑n

i=1 K(b)(
ξj−xi

h )2

→

∫ 1
−1 K(a)(

ξj−x
h )K(b)(

ξj−x
h )dx

√∫ 1
−1 K(a)(

ξj−x
h )2dx

∫ 1
−1 K(b)(

ξj−x
h )2dx

=

∫ (ξj+1)/h

(ξj−1)/h K(a)(u)K(b)(u)du
√∫ (ξj+1)/h

(ξj−1)/h K(a)(u)2du
∫ (ξj+1)/h

(ξj−1)/h K(b)(u)2du

=

∫
R

K(a)(u)K(b)(u)du√∫
R

K(a)(u)2du
∫

R
K(b)(u)2du

.

Table 1: Simulation results for simultaneous confidence bands

α=.05 α=.20

0,1 0,1,2 0,1 0,1,2

n=50 100% 99.3% 99.6% 86.3%

n=100 100% 96.7% 98.0% 84.0%

The columns labeled 0, 1 indicate that simultaneous confidence bands were con-

structed for the mean response and its first derivative. The columns labeled 0, 1, 2

indicate that simultaneous confidence bands were constructed for the mean response

and its first two derivatives. The entries represent the percentages of simultaneous

confidence bands that contained the true mean response and derivative(s).
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Figure 1: Simultaneous Confidence Bands for the Mean Response and First Derivative

−1.0 −0.5 0.0 0.5 1.0

−
2

−
1

0
1

2

(a)

x

m
u

0

−1.0 −0.5 0.0 0.5 1.0

−
1

5
−

1
0

−
5

0
5

1
0

1
5

(b)

x

m
u

1

The solid curves indicate the true mean response and first derivative in panels (a)

and (b), respectively. The simulated data for this sample of size 100 is also displayed

in panel (a). The dashed curves represent the confidence bands with α = .05. In this

case, the confidence bands contain the true mean response and first derivative.
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Figure 2: Simultaneous Confidence Bands for the Mean Response and Two Deriva-

tives
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The solid curves indicate the true mean response, first derivative, and second deriva-

tive in panels (a), (b), and (c), respectively. The simulated data for this sample of size

100 is also displayed in panel (a). The dashed curves represent the confidence bands

with α = .05. In this case, the confidence bands contain the true mean response and

first two derivatives.
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Figure 3: Mean response and first derivative of ethanol data
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The solid curves in panels (a) and (b) indicate the estimated mean response and first

derivative, respectively. The circles represent the observed data. The dashed curves

indicate the 95% confidence bands.
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Figure 4: Mean response and first two derivatives of ethanol data
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The solid curves in panels (a), (b), and (c) indicate the estimated mean response,

first derivative, and second derivative, respectively. The circles represent the observed

data. The dashed curves indicate the 95% confidence bands.
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